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ORTHOGONAL TESTING FAMILIES AND HOLOMORPHIC
EXTENSION FROM THE SPHERE TO THE BALL
LUCA BARACCO AND MARTINO FASSINA
Abstract. Let B2 denote the open unit ball in C2, and let p ∈ C2\B2. We
prove that if f is an analytic function on the sphere ∂B2 that extends holo-
morphically in each variable separately and along each complex line through
p, then f is the trace of a holomorphic function in the ball.
1. Introduction and Main Theorem
It is a well-known fact in the theory of several complex variables that a function
is holomorphic if and only if it is holomorphic in each variable separately. This
result goes back to Hartogs [H06]. It is natural to consider a boundary version of
Hartogs’ theorem. The general problem is to take a boundary function and ask if
holomorphic extensions on vertical and horizontal slices are enough to guarantee an
extension which is holomorphic in both variables simultaneously. In [L07] Lawrence
proved that vertical and horizontal slices are enough to detect the existence of
holomorphic extension to the interior for functions defined on a small perturbation
of the boundary of the unit ball B2 ⊂ C2. However, the result is not true for the
ball itself, for which additional conditions are needed.
There is a vast literature on describing families of directions which suffice for
testing analytic extension of a continuous function f from the sphere to the ball.
The first significant result was obtained by Stout [S77], who used as testing family
all the straight lines. Reducing the testing family, Agranovsky and Semenov [AS91]
used the lines which meet an open subset of the ball, Rudin [R80] the lines tangent to
a concentric subsphere, Baracco, Tumanov and Zampieri [BTZ07] the lines tangent
to any strictly convex subset of B2. Among the many contributions to the problem
we mention [AV71, B12, D99, G12, L18] and [T07].
It is well known that the lines which meet a single point do not suffice. With
additional hypotheses on the initial regularity of f on ∂B2 (namely, for f analytic
rather than just continuous) one can prove that the families of lines through the
following sets of points do suffice: two interior points (Agranovsky [A11]), one
boundary point (Baracco [B16]), two points in C2 \B2 whose joining line is tangent
to the sphere (Baracco and Pinton [BP18]).
In [B13] Baracco proved, for f continuous on ∂B2, that three non-aligned points
in the ball suffice. The result was later improved by Globevnik [G12a], who allowed
the points to lie outside B2 provided that at least one of the joining lines meets
the ball. At the end of his paper, Globevnik asked the following question: let
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a, b, c ∈ C2 be three points whose joining lines do not meet the ball. Do the lines
through a, b and c constitute a testing family for holomorphic extension?
In this paper, we give a partial answer to Globevnik’s question, under the as-
sumption that f is analytic on ∂B2. Here is our main result.
Theorem 1.1. Let f be an analytic function on the sphere ∂B2 which extends
holomorphically in each variable separately and along each complex line through a
point p ∈ C2 \ B2. Then f extends holomorphically to B2.
We will only prove the case p = (p1, p2), |p1| > 1, |p2| > 1, which falls into
Globevnik’s question, with two of the points being at infinity. We will not deal
with the cases |p1| < 1 or |p2| < 1, which were already treated by Globevnik
[G12a].
For the proof of our theorem we employ techniques related to stationary discs
in the sense of Lempert [Le81] that have already been used in this context in
[BTZ07, B13, B16]. We add a better understanding of the geometry of the space
of lifts of stationary discs and the use of a continuity principle.
2. Stationary Discs
In this section we summarize some basic facts on stationary discs and we prove a
technical lemma that will be used in the proof of Theorem 1.1. For more background
information on analytic and stationary discs, we refer the reader to the original
paper of Lempert [Le81] and Tumanov’s lecture notes [T04].
Let M be a smooth real manifold in Cn and let TM denote its tangent bundle.
For p ∈M recall the space T 1,0p M ⊂ TpM ⊗ C of complex (1, 0)-vectors defined as
T 1,0p M :=
{
X ∈ TpM ⊗ C : X =
∑
aj ∂/∂zj
}
.
Let T ∗Cn be the real cotangent bundle of Cn. Since every (1, 0)-form is uniquely
determined by its real part, we represent T ∗Cn as the space of (1, 0)-forms on Cn.
More precisely, for z ∈ Cn, we use the identification
T ∗zC
n ≃ (T 1,0z Cn)∗
ω
∼−→ Ω
where 〈ω,X〉 = Re 〈Ω, X〉 for all X ∈ TzCn. Let T ∗MCn ⊂ T ∗Cn be the real
conormal bundle ofM . Using the representation of T ∗Cn by (1, 0)-forms, we define
the fiber (T ∗MC
n)p at p ∈M as
(T ∗MC
n)p := {ω ∈ T ∗pCn : Reω|TpM = 0}.
Note that if r is a defining function for M then the conormal bundle T ∗MC
n is
generated by ∂r =
∑
∂r/∂zjdzj .
Let ∆ be the unit disc in C. An analytic disc in a complex manifold X is a
holomorphic map A : ∆→ X . We say that A is attached to some set M ⊂ X if A
is continuous in the closed disc ∆ and A(∂∆) ⊂M .
Let D be a strictly pseudoconvex domain in Cn. An analytic disc A attached
to ∂D is said to be stationary if there exists a map λ : ∂∆ → R>0 such that the
function τλ(τ)∂r(A(τ)), defined for τ ∈ ∂∆, extends to a function continuous
in ∆ and holomorphic in ∆. In other words, a disc is stationary if it admits a
meromorphic “lift” to a disc in the cotangent bundle attached to the conormal
bundle.
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Let Bn be the open unit ball in Cn. It is immediate to verify that the conormal
bundle of the n-sphere ∂Bn is given by
T ∗∂BnC
n = {(z, λz), z ∈ ∂Bn, λ ∈ R}.
In this case, the stationary discs are precisely the straight ones, that is, the ones
obtained by intersecting the ball with complex lines.
The following two propositions are well known.
Proposition 2.1. Let A : ∆ → X be a stationary disc and let ϕ : ∆ → ∆ be an
automorphism of the unit disc. Then A ◦ ϕ : ∆→ X is also stationary.
Proof. Let ϕ be given by
ϕ(τ) = α
τ − a
1− τa
for some a, α ∈ C with |α| = 1, |a| < 1. The proposition is proved if we can find a
map λ˜ : ∂∆ → R>0 such that the function τλ˜(τ)∂r(A(ϕ(τ))), defined for τ ∈ ∂∆,
extends to a function continuous in ∆ and holomorphic in ∆. For τ ∈ ∂∆, let
λ˜(τ) := |τ − a|2λ(ϕ(τ)).
On ∂∆ we have
τλ˜(τ)∂r(A(ϕ(τ))) = (1− τa)2 (τ − a)
(1 − τa)λ(ϕ(τ))A(ϕ(τ))︸ ︷︷ ︸
H(τ)
.
Since A is stationary, H(τ) extends to a function in ∆ holomorphic in ∆, and the
same is true for (1− τa)2H(τ). 
Proposition 2.2. Let λ1, λ2 : ∂∆ → R>0 be such that both τλ1(τ)∂r(A(τ)) and
τλ2(τ)∂r(A(τ)) extend to functions continuous in ∆ and holomorphic in ∆. As-
sume also λ1(1) = λ2(1). Then λ1 = λ2.
Proof. Since ∂r generates the conormal bundle, we have
Re 〈∂r(A), ∂θA(eiθ)〉 = 0.
Therefore
Re 〈(λ1 − λ2)∂r(A), ieiθA′(eiθ)〉 = 0. (2.1)
Equation (2.1) implies that the holomorphic function 〈(λ1 − λ2)∂r(A), ieiθA′(eiθ)〉
is constant, and therefore identically zero (since it vanishes at 1). Hence
(λ1 − λ2)〈∂r(A), iτA′(τ)〉 ≡ 0.
By strong pseudoconvexity of D and the Hopf Lemma, 〈∂r(A), iτA′(τ)〉 is nonva-
nishing on ∂∆. Hence λ1 = λ2. 
The discussion above shows that the lift of a stationary disc is unique up to
multiplication by a scalar function. It is therefore natural to think of a lift as a
geometric object in the projective space PT ∗Cn. In the rest of the paper we will
use [ , ] to denote projective coordinates.
We now restrict our attention to C2. In particular, for the proof of Theorem
1.1 we will need an explicit formula for the union of the lifts of the discs obtained
by intersecting the unit ball B2 with the complex lines through a point. Let us fix
some notation. For a given point p ∈ C2 \ B2, we consider the family of complex
lines through p. For each z ∈ B2 let Az be the disc obtained by intersecting B2 with
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the line through p and z. Each such disc Az is stationary. We denote by A
∗
z the
corresponding lift in the (projectivized) cotangent bundle. The next lemma gives
a precise description of the set of all lifts Mp :=
⋃
z∈B2 A
∗
z.
Lemma 2.3. For p ∈ C2 \ B2 the following holds:
Mp = {(z; [z(z · p− 1) + p(1− |z|2)]) ∈ B2 × PT ∗C2}.
Proof. For z ∈ B2, the complex line through z and p consists of points of the form
z + ζ(p − z), ζ ∈ C. By intersecting with the unit ball, we find that the points of
the disc Az are the ones for which ζ satisfies
|ζ|2 + 2Re
(
ζ
(p− z) · z
|p− z|2
)
+
|z|2 − 1
|p− z|2 ≤ 0.
Let Rz :=
√
|p|2+|z|2+|p·z|2−|z|2|p|2−2Re(p·z)
|z−p|4 and Cz := − z·(p−z)|p−z|2 . We can then pa-
rametrize Az over the unit disc by
Az(τ) = z + (Rzτ + Cz)(p− z), τ ∈ ∆. (2.2)
Note that Rz and Cz satisfy the following relations:
R2z = −
|z|2 − 1
|p− z|2 +
∣∣p · z − |z|2∣∣2
|p− z|4 (2.3)
and
−R2z + |Cz |2 =
|z|2 − 1
|p− z|2 . (2.4)
Moreover Az(−CzRz ) = z. From (2.2) we can see that the meromorphic lift attached
to the conormal bundle is given by
A∗z(τ) =
(
Az(τ),
zτ + (Rz + Czτ)(p − z)
τ
)
.
Using (2.3) and (2.4) we obtain the following formula in the projectivized cotangent
bundle:
A∗z
(
− Cz
Rz
)
= (z; [z(z · p− 1) + p(1− |z|2)]).
This concludes the proof. 
Remark 2.4. Mp is a manifold of dimension 4 foliated by complex curves. With a
standard computation one can also see that Mp is a CR manifold of dimension 1 at
all points except for those that project over the complex line {z ∈ C2 : z · p = 1}.
We thus have a decomposition
Mp =M
reg
p ∪M singp , where M singp = {(z, [p]) : z · p = 1}.
Note that the set of CR singular points of Mp is a complex curve which intersects
transversally each A∗z .
Remark 2.5. A decomposition analogous to the one described in Remark 2.4 holds
even when p is a point at infinity, that is, when we are considering all the lines
parallel to a given direction. As an example, let us describe the case of the lines
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parallel to the z2-direction. We denote by (0, 1)∞ the corresponding point at infin-
ity. In this situation, we can use z1 ∈ ∆ as a parameter: for each z1 we have the
disc A(z1,0)(τ) = (z1,
√
1− |z1|2τ), which lifts to
A∗(z1,0)((τ) =
(
(z1,
√
1− |z1|2τ); [z1τ,
√
1− |z1|2]
)
=
(
(z1,
√
1− |z1|2τ); [z1τ
√
1− |z1|2, 1− |z1|2]
)
.
We conclude that
M(0,1)∞ = {
(
(z1, z2); [z1z2, 1− |z1|2]
) ∈ B2 × PT ∗C2}.
Note that M(0,1)∞ is a CR manifold of CR dimension 1 at all the points for which
z1 6= 0. As before, we have a decomposition
M(0,1)∞ =M
reg
(0,1)∞
∪M sing(0,1)∞ , where M
sing
(0,1)∞
= {((z1, 0); [0, 1]) : z1 ∈ ∆}.
Similar formulas hold for the point at infinity (1, 0)∞, which corresponds to the
lines parallel to the z1-direction. In particular, one can check that
M(1,0)∞ = {
(
(z1, z2); [1− |z2|2, z1z2]
) ∈ B2 × PT ∗C2}.
3. Proof of Theorem 1.1
Proof. Let E := PT ∗∂B2C
2. The function f lifts naturally to a real analytic function
F : E → C. Note that E is maximally totally real in C2 × P1
C
, hence F extends
holomorphically to a neighborhood of E. From now on, we denote by ζ the pro-
jective coordinate. By the hypotheses on the holomorphic extendibility of f , it is
possible to lift f to a function defined on the manifolds M(1,0)∞ , M(0,1)∞ and Mp.
Note in fact that the lifts A∗z in these three families do not intersect outside of E.
Our goal is now to show that F extends to a holomorphic function in B2 × P1
C
,
and therefore F is constant in ζ. We can then conclude that F projects down to a
holomorphic function in B2 that extends f holomorphically to the ball.
We start by observing that the function F is CR on the regular part of the three
manifolds M(1,0)∞ , M(0,1)∞ and Mp. Since M
reg
p is foliated by complex curves and
each curve has some points where F extends holomorphically to a full neighborhood,
we can apply the propagation theorem of Hanges and Treves [HT83] to conclude
that F extends holomorphically to a neighborhood of M regp . We will focus on the
disc A∗0 in Mp, that is, the lift of the disc through p and the origin. Figure 1 illus-
trates the situation. There, the circle represents the projectivized conormal bundle
E, and the diameter is A∗0. The shaded regions correspond to the neighborhoods
where we know F extends holomorphically.
The next step is to achieve holomorphic extension at the point of CR singularity
(shown in Figure 1). To this end, we construct a continuous family {Bt} of analytic
discs in PT ∗C2 attached to M reg(1,0)∞ ∪ M
reg
(0,1)∞
such that:
• for some value of t, the center of Bt is at the point of CR singularity;
• for some value of t, the disc Bt is contained in the neighborhood of E where
F is holomorphic.
Note that F is holomorphic on the boundary of Bt for all t, since the discs are
attached toM reg(1,0)∞∪ M
reg
(0,1)∞
. Hence, assuming that we have such a family of discs,
we can apply the continuity principle to conclude that F extends holomorphically
in a full neighborhood of A∗0. We now consider the (continuous) family of lines
through 0. Again by the continuity principle, F extends holomorphically along the
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E
A∗0
M singp
Figure 1
lift of each disc through 0. Consequently, F is holomorphic in a neighborhood of
{0} × P1
C
, which is what we wanted to prove.
The rest of the proof is entirely devoted to constructing a family of discs {Bt}
with the properties described above. We start by recalling from Remark 2.5 the
formulas:
M(1,0)∞ = {
(
(z1, z2); [1 − |z2|2, z1z2]
) ∈ B2 × PT ∗C2} (3.1)
M(0,1)∞ = {
(
(z1, z2); [z2z1, 1− |z1|2]
) ∈ B2 × PT ∗C2}. (3.2)
The set E, which is the only part shared by these two manifolds, is given by(
reiη1 ,
√
1− r2eiη2 ; [re−iη1 ,
√
1− r2e−iη2 ]) 0 ≤ r ≤ 1, 0 ≤ η1, η2 ≤ 2pi.
Dividing out by the last term, we now introduce a complex coordinate on the
projective component. For r 6= 1 we then have a parametrization of E given by(
reiη1 ,
√
1− r2eiη2 , r√
1− r2 e
i(η2−η1)
)
0 < r < 1, 0 ≤ η1, η2 ≤ 2pi. (3.3)
Equations (3.3) and (3.1) imply that(
rρ1e
iη1 ,
√
1− r2eiη2 , r
2
√
1− r2eiη2
rρ1eiη1(1 − r2)
)
0 < r, ρ1 < 1, η1, η2 ∈ R (3.4)
is a parametrization for (almost) all M reg(1,0)∞ . Analogously, from (3.3) and (3.2),(
reiη1 ,
√
1− r2ρ2eiη2 , r
2
√
1− r2ρ2eiη2
reiη1(1 − r2)
)
0 < r, ρ2 < 1, η1, η2 ∈ R (3.5)
is a parametrization for M reg(0,1)∞ . Equations (3.4) and (3.5) together give the
parametrization
φ(r, ρ1, η1, ρ2, η2) =
(
rρ1e
iη1 ,
√
1− r2ρ2eiη2 , r
2
√
1− r2ρ2eiη2
rρ1eiη1(1− r2)
)
(3.6)
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0 < r, ρ1, ρ2 < 1, η1, η2 ∈ R.
Note that φ(r, 1, η1, ρ2, η2) ∈M(0,1)∞ and φ(r, ρ1, η1, 1, η2) ∈M(1,0)∞ .
We now look for functions ρ1, ρ2, η1, η2 : ∂∆→ R such that{
φ
(
r, ρ1(e
iθ), ρ2(e
iθ), η1(e
iθ), η2(e
iθ)
)
extends holomorphically to ∆,
for each θ, ρ1(e
iθ) = 1 or ρ2(e
iθ) = 1
(3.7)
To satisfy the first condition of (3.7), the function ρ1(e
iθ)eiη1(e
iθ) has to extend
holomorphically. This happens if and only if
η1(e
iθ) = T1 log(ρ1(e
iθ)) + ψ1. (3.8)
Analogously, looking at the second component, we obtain the condition
η2(e
iθ) = T1 log(ρ2(e
iθ)) + ψ2. (3.9)
Here ψ1 and ψ2 are constants and T1 is the Hilbert transform on the unit disc
normalized by the condition T1u(1) = 0. Note that the third component of φ is
automatically holomorphic when the first two components are holomorphic and
never zero. Let now p = (p1, p2), and let t ∈
[
1
|p|2 ,
1
|p|
)
. Then tp = (tp1, tp2) ∈ B2.
Lemma 2.3 implies that the point Qt =
(
(tp1, tp2); [p(t + 1 − 2t2|p|2)]
)
is the only
point in Mp such that pi(Qt) = tp, where pi is the natural projection from the
cotangent bundle. We now look for a family of analytic discs {Bt} (see Figure 2)
such that {
Bt(∂∆) ⊂M reg(1,0)∞ ∪ M
reg
(0,1)∞
Bt(0) = Qt ∀ t.
(3.10)
M reg(1,0)∞
M reg(0,1)∞
Bt
E
Figure 2
Let ρj, ηj for j = 1, 2 be solutions of (3.8) and (3.9). We want to determine
conditions on the ρj and ηj such that (3.10) holds. Looking at the second equation
in (3.10), we let αj := ρ˜jeiηj (0) for j = 1, 2, where ·˜ denotes the holomorphic
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extension to the unit disc. The αj must satisfy:
rα1 = tp1√
1− r2α2 = tp2
rα2√
1−r2α1 =
p1
p2
.
(3.11)
The solution to (3.11) is given by
r = |p1||p|
α1 = t|p| p1|p1|
α2 = t|p| p2|p2| .
Let
{
ρtj : ∂∆ → (0, 1], t ∈
[
1
|p|2 ,
1
|p|
)}
for j = 1, 2 be two continuous families of
smooth functions such that, for all t, the following conditions are satisfied:
ρt1(e
iθ) = 1 for 0 ≤ θ ≤ pi
ρt2(e
iθ) = 1 for pi ≤ θ ≤ 2pi
1
2pi
∫ 2pi
0
log(ρtj(e
iθ))dθ = log(t|p|) j = 1, 2.
Moreover, for each t, let ψtj for j = 1, 2 be constants such that
ψtj +
1
2pi
∫ 2pi
0
T1 log(ρ
t
j(e
iθ)) dθ = arg(pj).
Now choose two families of functions
{
ηtj , t ∈
[
1
|p|2 ,
1
|p|
)}
such that (3.8) and (3.9)
are both satisfied for each t, with ρ1, ρ2, ψ1, ψ2 replaced by ρ
t
1, ρ
t
2, ψ
t
1, ψ
t
2. We thus
obtain the family of discs Bt = φ(r, ρ
t
1, η
t
1, ρ
t
2, η
t
2) satisfying (3.10).
Note that, for t → 1|p| , the disc Bt shrinks to the point (p, p1p2 ). Therefore, for
values of t close to 1|p| , the disc Bt is contained in the neighborhood of E where F
is holomorphic.

Remark 3.1. The hypothesis of orthogonality of the testing families was used in
the construction of the discs {Bt}. With that assumption, it was possible to attach
the discs to M reg(1,0)∞ ∪ M
reg
(0,1)∞
by elementary techniques.
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